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Within the framework of three-channel Ross-Shaw effective range theory, we derive the constraints
among different parameters of the theory in the case of a narrow resonance close to the threshold
of the third channel, which is relevant for the resonance-like structure Zc(3900). The usage of these
constraint relations, together with the multi-channel Lu¨scher formula in lattice QCD calculations
are also discussed and the strategies are outlined.
I. INTRODUCTION
In the past decade, exotic hadronic resonance-like
structures, known as XY Z particles, have been discov-
ered by various experiments, with Zc(3900) being a typ-
ical example [1–3]. The exotic structures have been dis-
covered in both charm and bottom sectors which neces-
sarily bear a four valence quark structure Q¯qq¯′Q with Q
being a heavy-flavor quark while q and q′ being two differ-
ent light flavored ones. They also tend to appear close to
the threshold of two heavy mesons with valence structure
Q¯q and q¯′Q. The physical nature of these structures have
been contemplated and discussed in many phenomeno-
logical studies. For a recent review on these matters,
see e.g. Ref. [4, 5]. Despite many studies, the nature
of Zc(3900) remains unclear. It is therefore highly desir-
able that non-perturbative studies like lattice QCD could
provide some useful information.
Contrary to the phenomenological studies, lattice stud-
ies on these states remain relatively scarce. A lattice
study was performed by S. Prelovsek et al. who inves-
tigated the energy levels of the two charmed meson sys-
tem in the channel where Zc appearing in a finite vol-
ume [6]. They used quite a number of operators, includ-
ing two-meson operators in the channel of J/ψpi, DD¯∗
etc. and even tetraquark operators. However, no indi-
cation of extra new energy levels apart from the almost
free scattering states of the two mesons. Taking DD¯∗ as
the main relevant channel, which is also supported by ex-
perimental facts, CLQCD utilized single-channel Lu¨scher
scattering formalism [7–11] to tackle the problem within
single-channel approximation. They found slightly repul-
sive interaction between the two charmed mesons [12, 13],
making them unlikely to form bound states. A similar
study using staggered quarks also finds no clue for the
existence of the state [14].
On the other hand, HALQCD studied the problem
using the so-called HALQCD approach [15] which is
different from Lu¨scher’s adopted by the other groups
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mentioned above. An effective potential is first ex-
tracted from lattice data which is then substituted into
the Schro¨dinger-like equation to solve for the scattering.
They claimed that Zc(3900) can be reproduced and it
is a structure formed due to strong cross-channel inter-
actions among three channels, J/ψpi, ηcρ and DD¯
∗, see
Ref. [16, 17] and references therein. This scenario will be
referred to as the HALQCD scenario in the following.
Recently, in order to clarify this mismatch of the two
types of approaches, CLQCD performed a two-channel
lattice study using the two-channel Ross-Shaw effective
range expansion [18]. They took the two channels J/ψpi
and DD¯∗ that are most strongly coupled to Zc(3900). It
is found that, in this two-channel approach, the param-
eters of the Ross-Shaw matrix do not seem to support
the HALQCD scenario. The parameters turn out to be
large and the Ross-Shaw M matrix is far from singular,
which is required for a resonance close to the threshold.
However, since only two channels are studied, it is still
not a direct comparison with the HALQCD approach in
which three channels have been studied. In this paper, we
move one step further to close this gap. We take exactly
the same three channels as HALQCD did, namely J/ψpi,
ηcρ and DD¯
∗. We utilize the Ross-Shaw effective range
theory [19, 20] for the above mentioned three channels
and derive the constraint relations among the parame-
ters of Ross-Shaw matrixM (6 real parameters in total),
assuming that there is a resonance close to the threshold
of the third channel. Similar constraint relations in the
two-channel case have been discussed in detail by Ross
and Shaw long time ago, see e.g. Ref. [20]. However, to
our knowledge, the corresponding constraint relations in
the three-channel case is still lacking, which will be es-
tablished in this paper. These constraint relations can be
further checked in future lattice simulations, the strategy
of which will also be outlined in this paper.
The difficulty with the multi-channel Lu¨scher approach
is two-fold which we briefly outline below:
• First, with the number of channels n increasing,
the number of unknown functions entering the S-
matrix also increases rapidly. For example, in the
case of two-channels, there are 3 functions while in
the case of three channels, 6 functions are needed
2to describe the full S-matrix. On the other hand,
Lu¨scher formula only offers a single relation among
these functions at a particular energy level, which
is extracted from lattice simulation. Therefore, one
needs to parameterize these unknown functions of
energy in terms of constant parameters. Here, one
could use the so-called K-matrix parameterization
or the multi-channel effective range expansion ad-
vocated by Ross and Shaw, which is in fact a special
case of the former. We will also take this choice in
this paper.
• Second, the number of constant parameters needed
to parameterize the S-matrix also grows quadrat-
ically fast when the number of channels n is in-
creased. Therefore, one should refrain to include
too many channels. Based on the experimental
facts and also hints from the HALQCD study, we
focus on the three-channel Lu¨scher approach in this
paper. To be more specific, we will single out
three most relevant channels for Zc(3900): J/ψpi,
ηcρ and DD¯
∗, the first being the discovery chan-
nel for Zc(3900) and the second and the third have
been shown to be dominant channels that couple
to Zc(3900) by BESIII experiments [21]. Similar to
the single channel effective range expansion which
is characterized by two real parameters, namely the
scattering length a0 and the effective range r0, in
a three-channel situation, one needs 9 real param-
eters to describe the so-called Ross-Shaw matrix
M : 6 for the scattering length matrix and 3 for the
effective range parameters.
This paper is organized as follows. In Section II, we
briefly review the Ross-Shaw effective range expansion
that is needed to parameterize S-matrix elements. In
section III, within the zero-range approximation of Ross-
Shaw theory, we derive the constraint conditions that
need to be satisfied in order to have a narrow resonance
behavior close to the third threshold. These conditions
are derived first in the limit where the coupling of the first
two channels are switched off and then generalized to the
case where it is turned on. In section IV, we briefly out-
line the strategies of the lattice computations and discuss
how the constraints derived in Sec. III can be tested. In
Section V, we will conclude with some general remarks.
II. THE ROSS-SHAW EFFECTIVE RANGE
THEORY
In this section, we briefly recapitulate the Ross-Shaw
effective range theory which is a generalization of usual
effective range expansion to multi-channels. As already
mentioned in the previous section, in order to utilize the
multi-channel Lu¨scher formula, it is crucial to have a pa-
rameterization of the S-matrix elements in terms of con-
stants instead of functions of the energy and the multi-
channel effective range expansion developed by Ross and
Shaw [19, 20] serves this purpose.
In the single-channel case, this theory is just the well-
know effective range expansion for low-energy elastic
scattering,
k cot δ(k) =
1
a0
+
1
2
r0k
2 + · · · , (1)
where · · · designates higher order terms in k2 that vanish
in the limit of k2 → 0. Therefore, in low-energy elas-
tic scattering, the scattering length a0 and the effective
range r0 completely characterize the scattering process.
Ross-Shaw theory simply generalize the above theory to
the case of multi-channels. For that purpose, they define
a matrix M via
M = k1/2 ·K−1 · k1/2 , (2)
where k and K are both matrices in channel space. The
matrix k is the kinematic matrix which is a diagonal ma-
trix given by
k =

 k1 0 00 k2 0
0 0 k3

 , (3)
and k1, k2 and k3 are related to the scattering energy E.
The matrix K is called the K-matrix in scattering theory
whose relation with the S-matrix is given by, 1
S =
1 + iK
1− iK
. (4)
Another useful formal expression for the matrix K is
K = tan δ , (5)
where both sides are interpreted as matrices in chan-
nel space. From the above expressions, it is eas-
ily seen that K−1 that appears in Eq. (2) is sim-
ply the matrix cot δ and without cross-channel cou-
pling, the M -matrix is also diagonal with entries M ∼
Diag(k1 cot δ1, k2 cot δ2, k3 cot δ3). Thus, it is indeed a
generalization of the single channel case in Eq. (1). In
their original paper, Ross and Shaw showed that the M -
matrix as function of energy E can be Taylor expanded
around some reference energy E0 as,
Mij(E) =Mij(E0) +
1
2
Riδij
[
k2i (E)− k
2
i (E0)
]
, (6)
where we have explicitly written out the channel indices
i and j. The matrix Mij(E0) ≡M
(0)
ij is a real symmetric
matrix in channel space that we will call the inverse scat-
tering length matrix; R ≡ Diag(R1, R2, R3) is a diagonal
matrix which we shall call the effective range matrix. k2i
are the entries for the kinematic matrix defined in Eq. (3).
1 K-matrix is hermitian so that S-matrix is unitary.
3Therefore, for three channels, there are altogether 9 pa-
rameters to describe the scattering close to some energy
E0: 6 in the inverse scattering length matrix M
(0) and 3
in the effective range matrix R. One could further reduce
the number of parameters to 6 by neglecting terms asso-
ciated with effective ranges. This is called the zero-range
approximation [19]. For convenience, we usually take E0
to be the threshold of the third channel, i.e. that ofDD¯∗.
It is understood that Ross-Shaw parameterization in
Eq. (6) is equivalent to the so-called K-matrix parame-
terization with three poles. In this K-matrix representa-
tion, assuming there are altogether n open channels, the
n× n K-matrix is parameterized as,
K(E) = k1/2 ·
(
n∑
α=1
γα ⊗ γ
T
α
E − Eα
)
· k1/2 , (7)
where k is the kinematic matrix analogue of Eq. (3), the
label α = 1, 2, · · · , n designates the channels and each
γα is a 1× n real constant matrix (an n-component vec-
tor). It is shown in Ref. [20] that this is equivalent to
the effective range expansion (6) but the parameters are
more flexible. In particular, K-matrix parameterization
contains (n2 + n) real parameters: n2 for n copies of
γα’s and another n for the Eα’s while an n-channel Ross-
Shaw parameterization has n(n + 1)/2 + n real param-
eters, n(n − 1)/2 parameters less than the most general
K-matrix given in Eq. (7). In this paper, we will focus
on the case of n = 3 only.
III. RESONANCE SCENARIO IN ROSS-SHAW
THEORY
In this section, we investigate the possibility of a nar-
row peak just close to the threshold of the third channel.
In particular, this will be studied within the framework
of three-channel Ross-Shaw theory. It turns out that this
requirement will implement some constraints among the
different parameters in Ross-Shaw theory.
It is convenient to inspect the resonance scenario us-
ing the so-called T -matrix which is continuous across the
threshold. Formally, it is related to the K-matrix via,
K−1 = T−1 + i , (8)
or equivalently as T = K(1 − iK)−1. The relation be-
tween the S-matrix and the T -matrix is given by,
S = 1+ 2iT , (9)
where both S and T now are 3 × 3 matrices in channel
space. Since the scattering cross section σij is essentially
proportional to |Tij |
2, the so-called elastic cross section
in a particular channel i is given by,
σii =
4pi
k2i
|Tii|
2 . (10)
Therefore, if we denote,
wii ≡
Tii
ki
=
1
αi(E)− iβi(E)
, (11)
with αi and βi being real functions of the energy, then
the elastic cross section in channel i reads,
σii = 4pi|wii|
2 ==
4pi
α2i + β
2
i
. (12)
Normally, the imaginary part of wii, namely βi(E), is
a positive, smooth function of the energy in the energy
region to be studied. In fact, if there were no coupling
among different channels, we have βi = ki. The real
part (i.e. αi), however, could develop a zero in the
corresponding energy range, which then leads to a res-
onance peak structure. To be more specific, a resonance
peak happens when αi(E) = 0 and the half-width po-
sitions for this peak can be obtained by the condition
αi(E)/βi(E) = ±1, respectively.
To be more specific, the T -matrix in channel space
looks like,
T = k1/2(M − ik)−1k1/2 , (13)
Therefore, if we define the matrix w in channel space as,
w = (M − ik)−1 , (14)
the elements of which will be denoted by wij , then the
following expression for T11 can be obtained,
w11 ≡
T11
k1
=
1
D
∣∣∣∣ M22 − ik2 M23M23 M33 − ik3
∣∣∣∣ , (15)
where D is the determinant of the 3× 3 matrix,
D =
∣∣∣∣∣∣
M11 − ik1 M12 M13
M12 M22 − ik2 M23
M13 M23 M33 − ik3
∣∣∣∣∣∣ . (16)
Similar expressions are obtained for w22 and w33. We get
the following expression for wii with i = 1, 2, 3,
4w−111 = α1 − iβ1 =M11 − ik1 −M12
∣∣∣∣ M12 M23M13 M33 − ik3
∣∣∣∣∣∣∣∣ M22 − ik2 M23M23 M33 − ik3
∣∣∣∣
+M13
∣∣∣∣ M12 M22 − ik2M13 M23
∣∣∣∣∣∣∣∣ M22 − ik2 M23M23 M33 − ik3
∣∣∣∣
,
w−122 = α2 − iβ2 =M22 − ik2 −M12
∣∣∣∣ M12 M13M23 M33 − ik3
∣∣∣∣∣∣∣∣ M11 − ik1 M13M13 M33 − ik3
∣∣∣∣
−M23
∣∣∣∣ M11 − ik1 M12M13 M23
∣∣∣∣∣∣∣∣ M11 − ik1 M13M13 M33 − ik3
∣∣∣∣
, (17)
w−133 = α3 − iβ3 =M33 − ik3 +M13
∣∣∣∣ M12 M22 − ik2M13 M23
∣∣∣∣∣∣∣∣ M11 − ik1 M12M12 M22 − ik2
∣∣∣∣
−M23
∣∣∣∣ M11 − ik1 M12M13 M23
∣∣∣∣∣∣∣∣ M11 − ik1 M12M12 M22 − ik2
∣∣∣∣
.
In the above formulae, below a specific threshold, the
corresponding momentum becomes pure imaginary. For
example, below the threshold of the third channel, we
have −ik3 = κ3 with κ3 being a positive real number.
On the other hand, it is known from BESIII exper-
iments [1, 24] that, close to the threshold of the third
channel, all three elastic channels show resonant peaks.
If we assume that these three peaks correspond to a sin-
gle resonance structure, constraint equations can be ob-
tained from Eq. (17). In the following, using Eq. (17),
we will derive these equations that needs to be satisfied
among the parameters. The corresponding conditions
in the two-channel case has been studied long time ago
by Ross and Shaw, e.g. Refs [19, 20]. However, to our
knowledge, the case of three channels has not been stud-
ied explicitly which will be done within this paper.
A. Resonance scenario in Ross-Shaw theory:
M12 = 0 case
¶ It is worthwhile to work in a somewhat simpler sit-
uation, namely that the coupling between channel 1 and
2 is negligible. This turns off the coupling between chan-
nel 1 and 2 completely, so we have M12 = 0. Suppose
that such a resonance structure arises from some pole
structure in some Riemann sheet, then we could demand
that the position of the pole to the be same, i.e. they
corresponds to the same structure.
In the limit where M12 = 0, the condition w
−1
11 =
w−122 = w
−1
33 = 0 turns out to yield a single equation
(not three, but only one) for the parameters,
M33 − ik3 =
M213
M11 − ik1
+
M223
M22 − ik2
, (18)
where k1, k2 and k3 are all related to the energy via,
E =
√
m2J/ψ + k
2
1 +
√
m2pi + k
2
1 ,
=
√
m2ηc + k
2
2 +
√
m2ρ + k
2
2 ,
=
√
m2D + k
2
3 +
√
m2D∗ + k
2
3 .
(19)
Here, mJ/ψ, mpi, etc. are the masses of the correspond-
ing mesons and ki’s with i = 1, 2, 3 being the scattering
momenta in various channels. Now, viewing the k2i ’s,
i = 1, 2, 3 as complex variables that are related to each
other by Eq. (19), one can solve Eq. (18) in some Rie-
mann sheet to yield the pole position for the complex
k2i ’s. This pole then manifests itself as peaks in elas-
tic cross sections in all three channels. Therefore, in the
limit ofM12 = 0, the so-called HALQCD scenario is fully
represented by Eq. (18) in Ross-Shaw theory.
To search for such solutions, we utilize the following
notations. We assume that k3 ≡ z is small in magnitude.
Thus, we have,
δE ≡ E − (mD∗ +mD) =
z2
2µDD∗
, (20)
with µDD∗ being the reduced mass of D and D
∗. Sim-
ilarly, k1 and k2 will assume their values at the third
threshold, namely k
(0)
1 and k
(0)
2 , plus small corrections
that are linear in z2.
δk1 =
z2
2µDD∗(v
(0)
J/ψ + v
(0)
pi )
= γ1z
2 ,
δk2 =
z2
2µDD∗(v
(0)
ηc + v
(0)
ρ )
= γ2z
2 ,
(21)
where v
(0)
J/ψ, v
(0)
pi , v
(0)
ηc and v
(0)
ρ are the speed of the cor-
responding mesons at the threshold. To be specific, we
have, v
(0)
J/ψ = k
(0)
1 /EJ/ψ(k
(0)
1 ), etc. Therefore, the solu-
tion z0, where all wii diverge satisfy the following equa-
tion,
M33 − iz0 =
M213
M11 − ik
(0)
1 − iγ1z
2
0
+
M223
M22 − ik
(0)
2 − iγ2z
2
0
. (22)
This equation should be solved for small |z0| near the
origin in the complex z plane. Here smallness could be
5measured in some reasonable unit. A convenient choice
is to use a unit system in which k
(0)
1 = 1 adopted in
Ref. [18]. In such a system, every quantity in Eq. (22)
becomes dimensionless and we are searching for |z0| ≪ 1
in the complex plane.
Now, note that the l.h.s of Eq. (22) is linear in z0 while
the r.h.s depends on z20 , therefore, we could write the
solution z0 as,
z0 = z
(1)
0 + z
(2)
0 + · · · , (23)
where z
(i)
0 for different i designates different orders of z0,
all of which are small, but the higher the index i is, the
even smaller the z
(i)
0 becomes. Taylor-expanding both
sides of Eq. (22), order by order, we obtain the following
equations,
iz
(1)
0 = ε ≡M33 −
M213
M11 − ik
(0)
1
−
M223
M22 − ik
(0)
2
(24)
z
(2)
0 =
[
M213γ1
(M11 − ik
(0)
1 )
2
+
M223γ2
(M22 − ik
(0)
2 )
2
]
ε2 (25)
z
(3)
0 = 2i
[
M213γ1
(M11 − ik
(0)
1 )
2
+
M223γ2
(M22 − ik
(0)
2 )
2
]2
ε3 (26)
z
(4)
0 = · · ·
It is seen that the leading order equation (24) demands
that the quantity ε thus defined needs to be a complex
number that is small in magnitude. Otherwise, there is
no consistent small z solution for Eq. (22). This implies
that both the real part and the imaginary part has to be
small. If we denote
ε = ε1 − iε2 , (27)
with both ε1 and ε2 being real, it is easy to work out the
explicit expressions. It is also found that, the imaginary
part parameter ε2 > 0 at the threshold of the third chan-
nel. The sign of ε1, however, is not definite, depending
on other parameters. In order for them to be small, we
have,∣∣∣∣∣M33 − M
2
13M11
M211 + (k
(0)
1 )
2
−
M223M22
M222 + (k
(0)
2 )
2
∣∣∣∣∣≪ 1 ,
M213k
(0)
1
M211 + (k
(0)
1 )
2
+
M223k
(0)
2
M222 + (k
(0)
2 )
2
≪ 1 .
(28)
To leading order, the solution of the pole reads,
z
(1)
0 = −iε = −ε2 − iε1 , (29)
which points out the approximate location of the pole
position in the complex plane. To be more precise, the
location is given by,
z0 = −ε2 − iε1 + z
(2) + z(3) + · · · , (30)
where z(2) and z(3) are given by Eq. (25) and Eq. (26).
More iterates can be obtained if necessary.
We can now work out the elastic scattering cross sec-
tions close to the threshold of the third channel. These
are given by Eqs. (17) by taking M12 = 0. Taking e.g.
the first channel, we have,
w−111 =M11 − ik1 −
M213
M33 − ik3 −
M2
23
M22−ik2
, (31)
where ki takes real or pure imaginary values, depending
on whether it is above or below the thresholds. Since the
ki’s are related to the total energy via Eq. (19), we know
that the r.h.s vanishes when the ki’s take complex values
at k3 = z0:
M11 − ik1(z0) =
M213
M33 − ik3(z0)−
M2
23
M22−ik2(z0)
, (32)
which is consistent with Eq. (22). Since the pole po-
sition is rather close to the third threshold, we expect
that, large cross sections will be observed. Therefore, we
introduce the function
w−1ii = Fi(z) , (33)
where in Fi(z) the ki’s are viewed as complex functions
of z, which we still take as the complex k3 = z. We
know that the function Fi(z) has a zero at the location
z0 which is given by Eq. (30), and that z0 is close to the
origin. Therefore, we may expand,
Fi(z) = Fi(z0) + F
′
i (z0)(z − z0) + · · ·
≈ F ′i (0)(z − z0) ,
(34)
where we have utilized the condition Fi(z0) = 0 and
F ′i (z0) ≈ F
′
i (0) since z0 is rather close to the origin. Thus,
6the elastic cross section in channel i reads,
σii =
4pi
|Fi(z)|2
=
4pi
|F ′i (0)|
2|z − z0|2
, (35)
which exhibits a typical resonance behavior. Here, it
is understood that z takes real or pure imaginary val-
ues, depending on whether it is above or below the third
threshold. To be more explicit, if we take only the first
approximation for z0, we have the following cross sections
for above and below the third threshold,
σii =


4pi
|F ′i (0)|
2|[(k3 + ε2)2 + ε21]
,
4pi
|F ′i (0)|
2|[(κ3 + ε1)2 + ε22]
.
(36)
where the first/second line is for above/below the thresh-
old, with k3 = z = iκ3, κ3 > 0 in the second case. Since
we have ε2 > 0, so the peak above the third threshold
must be in the tail region. If ε1 < 0, then we could see a
full peak just below the threshold. If ε1 > 0, however, a
cusp will show up exactly at the threshold.
B. Resonance scenario in Ross-Shaw theory:
general case
¶ Here we would like to go beyond the approximation
of M12 = 0. We will show below that, the above results
in fact hold in the most general case of three-channel
scattering.
For this purpose, we investigate Eq. (13) and Eq. (14)
and realize that, in order to have a resonant behavior,
the matrix w = (M − ik)−1 needs to be singular. This
implies that the determinant D defined in Eq. (16) must
vanish. Therefore, when viewed as a complex function of
k3 = z, we may define,
D(z) =
∣∣∣∣∣∣
M11 − ik1(z) M12 M13
M12 M22 − ik2(z) M23
M13 M23 M33 − iz
∣∣∣∣∣∣ ,
(37)
the complex resonance pole z0 should be solved for un-
der the condition of D(z0) = 0, in the neighborhood of
the origin. In the above equation, functions k1(z) and
k2(z) should be obtained by using the energy condition
Eq. (19). Expanding both k1 and k2 around the origin
we see that k1,2(z) = k
(0)
1,2 + γ1,2z
2. Therefore, close to
the origin, equation D(z0) = 0 yields a quintic equation
for z0. Since |z0| ≪ 1, we may expand the determinant
D(z0) into a Taylor expansion. To first order, we get,
D(z0) ≈ D(0)− (iz0)∆33(0) + · · · , (38)
where · · · designates terms higher orders in z0 and ∆33(0)
being the cofactor for the matrix element (M33 − ik3) in
the 3× 3 matrix (M − ik), i.e.,
∆33(0) = (M11 − ik
(0)
1 )(M22 − ik
(0)
2 )−M
2
12 . (39)
Therefore, to this order, the solution is
iz
(1)
0 = ε ≡
D(0)
∆33(0)
=M33 +M13
∣∣∣∣ M12 M22 − ik(0)2M13 M23
∣∣∣∣∣∣∣∣∣ M11 − ik
(0)
1 M12
M12 M22 − ik
(0)
2
∣∣∣∣∣
−M23
∣∣∣∣ M11 − ik(0)1 M12M13 M23
∣∣∣∣∣∣∣∣∣ M11 − ik
(0)
1 M12
M12 M22 − ik
(0)
2
∣∣∣∣∣
(40)
It is easy to verify that, in the limit of M12 = 0, this
reproduces the previous result in Eq. (24). The discus-
sions about elastic scattering cross section remains un-
changed. The only thing that needs to be modified is the
explicit expression for the solution z0 to various orders,
which, to the first order, is now shown in Eq. (40) in-
stead of Eq. (24). Again, higher order expressions can be
obtained easily if necessary.
IV. MULTI-CHANNEL LU¨SCHER FORMULA
AND THE STRATEGY FOR LATTICE
COMPUTATIONS
In this section, we briefly outline the strategies for a
lattice calculation within the multi-channel Lu¨scher ap-
proach for three channels. As we have mentioned in
Sec. I, in the case of three-channels, one first needs a
parameterization for the S-matrix in terms of functions,
and furthermore in terms of the Ross-Shaw parameters.
The most general form of S-matrix for three chan-
nels, assuming time reversal symmetry, was first given by
Waldenstrøm in 1974 and it looks like the following [22],
S =

 η1e2iδ1 iX12ei(δ12) iX13ei(δ13)iX12ei(δ12) η2e2iδ2 iX23ei(δ23)
iX13e
i(δ13) iX23e
i(δ23) η3e
2iδ3

 , (41)
where δ1, δ2 and δ3 are scattering phases in channel 1,
2 and 3 respectively and ηi ∈ [0, 1], i = 1, 2, 3 are called
the inelasticity parameters for each channel, all of which
are functions of the energy. The other parameters Xij
and δ12, δ23 and δ23 are related to the δi and ηi in a
7complicated manner hence also functions of the energy.
Interested reader can consult Ref. [22] for details. These
6 functions of energy are then parameterized within Ross-
Shaw theory in terms of 9 real parameters: 6 for the
scattering length matrix M , 3 for the effective ranges.
Note that S matrix is related to the T matrix via S =
1 + 2iT while the latter is further related to the Ross-
Shaw M matrix via Eq. (13).
The multi-channel Lu¨scher formula has many forms.
The most convenient one is the one that is directly related
to the Ross-Shaw M -matrix,
det
[
M −B(P)
]
= 0 , (42)
where the matrix B(P), called the box function by Colin
Morningstar et al [23], is a complicated but computable
function involving modified zeta-functions that can be
obtained from the energy eigenvalues in a finite box. The
label P designates the total three-momentum of the two-
particle system so that it applies to also moving frames.
The corresponding constraint equations that are derived
in previous section needs to be boosted accordingly us-
ing an appropriate Lorentz transformation. The explicit
expression for the box function reads:
〈J ′mJ′L
′S′a′|B(P)|JmJLSa〉 = −iδaa′δSS′(ua)
L+L′+1W
(Pa)
L′m
L′
;LmL
(k2i )〈J
′mJ′ |L
′mL′ , SmS〉〈LmL, SmS |JmJ〉 . (43)
Here, J , mJ , L and S corresponds to total angular mo-
mentum quantum number, the third component of total
angular momentum, orbital angular momentum and spin
quantum number of the two-particle state. The index
a designates other quantum numbers, e.g. channel or
isospin etc. The function W
(Pa)
L′m
L′
;LmL
(k2i ) involves zeta-
functions and the arguments k2i with i = 1, 2, 3 represents
the momenta in the corresponding channels which are re-
lated to the energy via Eq. (19).
For a given set of parameters in Ross-Shaw matrix M ,
the multi-channel Lu¨scher formula (42) can be viewed
as a equation for the energy eigenvalues that enters the
equation via the box function B(P). Therefore, when
solved numerically it yields a set of energy eigenvalues
in the finite box. These energy levels can be compared
with the real energy levels obtained from the lattice sim-
ulations. This comparison in turn yields an estimate for
various Mij ’s in the Ross-Shaw matrix, as illustrated in
Ref. [18]. On the other hand, as we have obtained the
conditions that need to be satisfied by these parameters
in order to have a resonance peak close to the threshold
of the third channel, c.f. Eq. (28), one can directly check
if the lattice extracted parameters really support such a
scenario or not, as was already done in the two-channel
case in Ref. [18].
It is interesting to note that, in the general Ross-Shaw
theory, namely Eq. (6) can be utilized to any energy re-
gion. In particular, if we investigate only the region close
to the third threshold, it is good enough to use the zero
range expansion. This sets all the effective ranges to zero,
leaving us with only 6 parameters. In other words, if we
focus on the energy region very close to the threshold,
zero range approximation is always valid. Of course, by
utilizing the multi-channel Lu¨scher formula, other energy
levels that are somewhat distant from the threshold en-
ter the game (via fitting of Mij ’s), therefore there could
be some deviations from the zero-range approximation.
Still, extraction of theMij ’s and check whether they sat-
isfy the constraints as outlined in Eq. (28) offers a cru-
cial test. This comparison will hopefully clarify, or at
least shed some light on the differences from two differ-
ent approaches so far: the HALQCD approach and the
conventional Lu¨scher approach. In fact, one could try
to arrange a situation where as many as possible energy
levels are close to the third threshold. In such a case, one
could utilize the zero range approximation without any
problem as long as one drops the energy levels that are
too distant from the threshold.
V. CONCLUSIONS
To shed more light on the nature of the resonance-
like structure Zc(3900), lattice studies have been per-
formed over the years. However, some puzzles still re-
main. The existing lattice studies fall into two categories:
the ones using Lu¨scher’s approach and the ones using the
HALQCD approach. The results from these two types of
approaches are not consistent with each other as they
should. This discrepancy needs to be clarified.
In this paper, we study the problem using the three-
channel Ross-Shaw theory, which is the generalization
of the effective range expansion. We have obtained the
constraint conditions that needs to be satisfied by various
parameters of the theory in order to have a narrow reso-
nance close to the threshold of the third channel, a sce-
nario that Zc(3900) realizes. We have pointed out that,
combined with the multi-channel Lu¨scher formula, a real
lattice computation could be performed which will yield
the results for these parameters and furthermore, one
could check if these constraint relations are supported
by the lattice results or not. We have also outlined the
strategies of such a lattice simulations on how to extract
these parameters in a more reliable fashion. Currently,
we are working on the simulations details along the lines
that are described here and we hope to report the results
8soon.
ACKNOWLEDGMENTS
This work is supported in part by the Ministry of Sci-
ence and Technology of China (MSTC) under 973 project
”Systematic studies on light hadron spectroscopy”, No.
2015CB856702. It is also supported in part by the
DFG and the NSFC through funds provided to the Sino-
Germen CRC 110 “Symmetries and the Emergence of
Structure in QCD”, DFG grant no. TRR 110 and NSFC
grant No. 11621131001. LL acknowledges the support
from the Key Research Program of the Chinese Academy
of Sciences, Grant NO. XDPB09.
[1] M. Ablikim et al. (BESIII Collabora-
tion), Phys.Rev.Lett. 110, 252001 (2013),
arXiv:1303.5949 [hep-ex].
[2] Z. Liu et al. (Belle Collabora-
tion), Phys.Rev.Lett. 110, 252002 (2013),
arXiv:1304.0121 [hep-ex].
[3] T. Xiao, S. Dobbs, A. Tomaradze, and K. K. Seth,
Phys.Lett. B727, 366 (2013), arXiv:1304.3036 [hep-ex].
[4] X. Liu, J. Univ. Sci. Tech. China 46, 533 (2016).
[5] F.-K. Guo, C. Hanhart, U.-G. Mei?ner,
Q. Wang, Q. Zhao, and B.-S.
Zou, Rev. Mod. Phys. 90, 015004 (2018),
arXiv:1705.00141 [hep-ph].
[6] S. Prelovsek, C. B. Lang, L. Leskovec, and
D. Mohler, Phys. Rev. D91, 014504 (2015),
arXiv:1405.7623 [hep-lat].
[7] M. Lu¨scher, Commun. Math. Phys. 104, 177 (1986).
[8] M. Lu¨scher, Commun. Math. Phys. 105, 153 (1986).
[9] M. Lu¨scher and U. Wolff, Nucl. Phys. B 339, 222 (1990).
[10] M. Lu¨scher, Nucl. Phys. B 354, 531 (1991).
[11] M. Lu¨scher, Nucl. Phys. B 364, 237 (1991).
[12] Y. Chen et al., Phys. Rev. D89, 094506 (2014),
arXiv:1403.1318 [hep-lat].
[13] Y. Chen et al. (CLQCD),
Phys. Rev. D92, 054507 (2015),
arXiv:1503.02371 [hep-lat].
[14] S.-h. Lee, C. DeTar, H. Na, and D. Mohler (Fermilab
Lattice, MILC), (2014), arXiv:1411.1389 [hep-lat].
[15] N. Ishii, S. Aoki, and T. Hat-
suda, Phys. Rev. Lett. 99, 022001 (2007),
arXiv:nucl-th/0611096 [nucl-th].
[16] Y. Ikeda, S. Aoki, T. Doi, S. Gongyo, T. Hatsuda,
T. Inoue, T. Iritani, N. Ishii, K. Murano, and K. Sasaki
(HAL QCD), Phys. Rev. Lett. 117, 242001 (2016),
arXiv:1602.03465 [hep-lat].
[17] Y. Ikeda (HAL QCD), J. Phys. G45, 024002 (2018),
arXiv:1706.07300 [hep-lat].
[18] T. Chen, Y. Chen, M. Gong, C. Liu, L. Liu, Y.-
B. Liu, Z. Liu, J.-P. Ma, M. Werner, and J.-
B. Zhang (CLQCD), Chin. Phys. C43, 103103 (2019),
arXiv:1907.03371 [hep-lat].
[19] M. Ross and G. Shaw, Annals of Physics 9, 391 (1960).
[20] M. Ross and G. Shaw, Annals of Physics 13, 147 (1961).
[21] M. Ablikim et al. (BESIII),
Phys. Rev. Lett. 115, 222002 (2015),
arXiv:1509.05620 [hep-ex].
[22] S. Waldenstrom, Nucl. Phys. B77, 479 (1974).
[23] C. Morningstar, J. Bulava, B. Singha, R. Brett, J. Fallica,
A. Hanlon, and B. Ho¨rz, Nucl. Phys. B924, 477 (2017),
arXiv:1707.05817 [hep-lat].
[24] M. Ablikim et al. (BESIII), (2019),
arXiv:1906.00831 [hep-ex].
